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Abstract - In this paper, we introduce a new concept of bipolar Pythagorean fuzzy set (BPFS) and some of its
operations. Also, we propose score and accuracy functions to compare the bipolar Pythagorean fuzzy sets.
Further we discuss bipolar Pythagorean fuzzy weighted average operator (A,) and bipolar Pythagorean fuzzy
weighted geometric operator (G,,) to aggregate the bipolar Pythagorean fuzzy information. Finally, we apply
these operators to deal with multi-criteria decision making approach by using the bipolar Pythagorean fuzzy

numbers.
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1. INTRODUCTION

Fuzzy sets were introduced by Zadeh [26] and he
discussed only membership function.After the
extensions of fuzzy set theory Atanassov [4]
generalized this concept and introduced a new
concept called intuitionistic fuzzy set (IFS).
K.Atanassov [ 4,5,6,7 ] presented the idea of IFS.
Gau and Buehrer [14] familiarized the concept of
another set called vague set. Burilo and Bustin [9]
developed a relation between the two famous sets
called vague set and IFS. They also mathematically
proved that these sets are equivalent. Yager [22]
familiarized the model of Pythagorean fuzzy set. The
most important and central research topic is
aggregation operators. There are many scholars
worked in this area and introduced several operators.
IFS has its greatest use in practical multiple attribute
decision making (MADM) problems, and the
academic research have achieved great development
[22,24,25].However, in the some practical problems,
the sum of membership degree and non-membership
degree to which an alternative satisfying an attribute
provided by decision maker(DM) may be bigger than
1, but their square sum is less than or equal to1.

Bosc and Pivert [8] said that “Bipolarity refers to the
propensity of the human mind to reason and make
decisions on the basis of positive and negative
effects. Positive information states what is possible,
satisfactory, permitted, desired, or considered as
being acceptable. On the other hand, negative
statements express what is impossible, rejected, or
forbidden. Negative preferences correspond to

constraints, since they specify which values or
objects have to be rejected (i.e., those that do not
satisfy the constraints), while positive preferences
correspond to wishes, as they specify which objects
are more desirable than others (i.e., satisfy user
wishes) without rejecting those that do not meet the
wishes.” Therefore, Lee [17,18] introduced the
concept of bipolar fuzzy sets which is an
generalization of the fuzzy sets. Recently, bipolar
fuzzy models have been studied by many authors on
algebraic structures such as; Chen et. al. [10] studied
of m-polar fuzzy set. Then, they examined many
results which are related to these concepts can be
generalized to the case of m-polar fuzzy sets. They
also proposed numerical examples to show how to
apply m-polar fuzzy sets in real world problems.

In this paper, we introduce the concept of bipolar
Pythagorean fuzzy sets which is an extension of the
fuzzy sets,bipolar fuzzy sets,intuitionistic fuzzy sets
and Pythagorean fuzzy sets. Also, we give some
operators and operators on the bipolar Pythagorean
fuzzy sets. We discuss the some operators based on
BPFWA and BPFGA operators. We develop a
bipolar Pythagorean fuzzy multiple criteria decision-
making approach, in which the evaluation values of
alternatives on the attributes take the form of bipolar
Pythagorean fuzzy numbers to select the most
desirable one(s) and give a numerical example.

2. PRELIMINARIES
Definition 2.1[26]
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Let X be a non-empty set and | the
unit interval [0,1]. A PF set S is an object having the
form P = {{x, up(x),vp(x)):x € X} where the
functions up: X - [0,1] and v p: X - [0,1] denote
respectively the degree of membership and degree of
non-membership of each element x € X to the set P,

and 0 < (up(x))” + (vp(x))? < 1 for each x € X.

Definition 2.2[26]

Let X be a nonempty set and | the
unit interval [0,1]. A PF sets P, and P, be in the form
Py = {(x,up, (¥),vp, ()):x € X Jand P, =

{(X, #PZ (X),sz (X)): x € X}

Then
1) P = {{x,vp(x), up(x)):x € X}
2) PUP, =

{tx, max (up, (), tp, (), Min(vp, (), v, (1)) :x €

x}
3) P, NP, =

{x,min (g, (), 15, (), max(vp, (), v, (1)) :x €

x}
Definition 2.3[26]
Let P = (up,vp), P = (.Uplxvpl ):
and P, = (up,,vp, ), be three PFNs and A > 0, then
their operations are  defined as follows:

1) Pl ®P2 = (\[nulz’l +#12)2 _M1231M1232JUP1UP2)

2) PL®P, = (up1 He, \[vﬁl +vi, v, vﬁz)
3) AP = (1=~ udu})

4) P =(upJT= A= v}
Definition 2.4[26]
For any PFN the score function of P
is defined as follows:
S(P) = p3(x) — vi(x)
where S(P) € [—1,1]. For any two PFNs P;, P, , if

S(P,) < S(P,), thenP, < P,. If S(p,) >
S(P,), then P, >P,If S(P,)=5S(P,), then
P1~P2.

Definition 2.5[26]
For any PFNs P = (up,vp), the
accuracy function of A is defined as follows:
a(P) = up(x) + v (x)
where a(P) € [0,1].

3. BIPOLAR PYTHAGOREAN FUZZY SETS
Definition 3.1

Let X be a non-empty set. A bipolar
Pythagorean fuzzy set (BPFS)
A ={(x,(Tf, ED), (TN, FY))|x € X} where TS: X -
[0,1], FP:X > [01], TV:X - [-1,0], FV:X -
[—1,0] are the mappings such that
0< (TR + (Fr(x)? <1
and —1 < —((T{' (x))* + (FY' (x))*) < 0
and TF(x) denote the positive membership degree,
FP(x) denote the positive non-membership
degree, TV (x) denote the negative membership
degree and FY(x) denote the negative non-
membership degree. The degree of indeterminacy

i (x) = V1 = (T7 (1)) = (F{ (x))? and

) (x) = —\/1 — (TN (x))2 = (FY(x))2.
Definition 3.2

For any BPFN the score function of
A is defined as follows:

1
s@ =5 ((TF ()? = (FL ())? + (T4 (0)?
— (FY ()?)
where S(A) € [-1,1]. For any two BPFNs A,B ,
if S(4) <S(B), thend < B. If S(4) >
S(B), then A > B.If S(4) = S(B), then A~B.
Definition 3.3
For any BPFNs
A= (TF,FF, TN, FY), the accuracy function of A is
defined as follows:

a() = 5 ((TF CN? + (F )2 + (T ()2
+ (FY (o))

where a(4) € [0,1].
Definition 3.4

Let A = {(x, (T{,FD), (TN, EN)): x € X}
and B = {(x, (T, FD), (T}, F))):x € X}be  two
BPFSs, then their operations are defined as follows:
(DAUB
= {(x, max (T}, 7)), min(F{, F§), min(TY, TY), max(F}, F{)): x
€ X}
(2)ANnB
= {(x, min(T}, TF), max(F{, F), max (T, TY), min(Fy, F})): x
€ X}
A ={(x, (Ff,TD), (FY,T)): x € X}
Definition 3.5

Let A=(T},FL, TN, FY), and

B = (TE,FE, T, FY), be two BPFNs and 1 > 0, then
their operations are defined as follows:
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Theorem 3.2
(AGB = Let A= (T}FLTYFY),  and
TPY? + (TP)2 — (TP)2(TP)2, FPFP), \B = (T§,Fg, T4, Fg),be two BPFNs and2 >
(VT + @z = T Y FE) PR

(=T —JED+ G =EDER)) @ () =

2A®B = (2) MA%) = (A1)

(3YAUB =BU4;

4 ANB=BnA;

—J@OZ+ T2 = AN, —FLFY)

< 118 ED? + (PR — (FLP(FR)?). )
(v

1— (- T)HDLFD?),
(3)14 =
(~(=T%, —T= = EDDY)

i = (A T= = EDDY),
(—VT=a =T -(-FE?)
Theorem 3.1
Let A= (Tf,FL,TY,FY), and
B = (TE,FE, TN, FY),be two BPFNs and 1>
0,4, > 0,4, > 0, then,
1) A®@B=B®4;
2) AQB=BQ® 4;
3) M(ADB)=1A® 1B;
4) LAD LA = (A +1)4;
5 (A®B)*=4*® B4
6) AM @ A2 = AMit2),
Definition 3.6
Let A= (TF,FF, TV, FY) and
B = (TE,FE, TN, FY) be two BPFNSs, then

T’ ~(t5)"
=) 'Fs |’
e (F)

T’ 1-(FY)*

P P P ; p FEmy
If Ty =2Tg ,F; < min Fg, ,

P
TB

1) A6B=

T T[
Y > max{TB b A

”B

h () -(R)
5’ 1—(F,§,’)2 ’
()’ =~ (r ) By
1-()’? Fg'

Ty

if T¥ < min {Tg,n—P}, Ff > Ff
B

2) AQB=

N N N N FEm)
TA STB, FA ZmaXFB,T.

(5) A(AU B) = 1A U AB;
(6) (AU B)* = 4* U B%;
(7) (A& B) =140 1B;

FP P
if TV >TF,Ff <m1n{FB ’jTPA},
B

T > IQIT[A
N > max T}, - ,EN < F}
B

@ AQB) =

A* @ B

if TF < min {TP T’jT:A} FP > FE,

N N N N FEm)
TS <Tg, Fi = max{FB, N }

©) LAO LA

= — A4 if A =4y

(10) A*1 @ A%z = A2,

Proof:
In the

(1).(3).(5).(7).(9)

following, we shall prove
and (2),(4),(6),(8),(10) can be

proved analogously.
(1) (AC)A = (F/f) T/{J) F/{V! TAN)A =

AA)¢ =

(DAL T=G=-TDH?),
(VIT=a=EHA (=T

( (Vi—a-apne), \
(

At

(3) AuB=

—(-T, —/T= (T = FHD?)

(DAL= -ThH?),
JT= = EDDL-(=T)))
<max{Tf, TE}, min{F}, F};},)

min{T¥, T¥}, max{F), F}

3 <max{Tﬁ$, 7}, min{Fé’,Ff},)

mln{TéV, TAN}I max{FéV, F/{V}

=BUA

(5) MAUB) =1

max{TApﬁ Tg}! mln{sz! Fg};
min{TANl Tév}l max{F/{Vl FBI’V}
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2
/ (\/1 — (1 — max{(TP)2, (T)2)A, min{(F)*, (FE )l}>' _\ (ﬂ)z N \/W >—1
_ I\ \ey” ()’ -
Fn
(t8)
I

(min{—(—TAN)’l, —(-TH*} - \/1 — (1 = (max{FY,Fy}H2)*
( ) (T ) FA \‘
1-
< |

NN - (FBN>
T8’ 1-(7h)°

—

AA U AB = (‘/1 - @ -(THHY (FDA)’ U
(_(_TAN)A, —\/1 -(1- (FIL{V)Z)A)
( (VI=a=TDHa% DY),
(

~(-THL —T= - FHH?)

_ ((max {\/1 -(1- (TAP)Z)A,\/l -(1- (T;)Z)A};>

MABB) = ,1(
\

(- (TP)2 Y (D
_< - 1_(TP)2 (FP)A

min{(F{)*, (F§)") _ ( \I
min{—(~T)%, ~(~T¢)%), \ (1 @) i ( - (FN)Z) |
oo ()-8 )
max {— 1-1—-(FENHHA —Jl -(1- (Fév)z)l} /
/ (\[1 — (1 — max{(T))2, (TH?HA, min{(F[)?, (F;:)ﬂ}), ?ﬂ (L= YD \
- _(1—(T5>2) "FD )
(min{—(—TAN)ﬂ, ~(-T)H%, —j 1-(1- (max{F;V,FéV})Z)E)
~ (=T 1- (N2
=AAUB) . e T are
(7) Since Tf = TF ,Ff < min {Fg, e ZA},
v Tp A4 © AB
T >maX{TB” ey s (Jl—(l—(T,f)Z)ﬂ, (F,W),
we have  Ffnf < Ffn} _
(ED2(FD)? + (F)2 ()2 < (FD2(FE)? +
(TL’ ) (F )2 <_(_TAN)A: _\[1 - (1 - (F/{V)Z)A>
() _ (EF)? + (mh)*
(FE)? —(FP)2+(n )2 EPTEpE A)
(FD2) = \(FD? + (nh)?

©
(F)? + (@)’ DY (_(_Tév - fi-a- aey)
- 1-(#> + <—) <1
(FF+mP) |\ ( < Jl—(1—(&")2)1—(1—(1—(@5)2)%) (Ff)l) \
P —a-a-apmn @)

3< (BB ) () - B B
eyt ima-Eyi-a-a-En
T I-(-1-GDDD

- ( - (= Ei)) +<E§> =t ( <J1_<1—(Tf>2)1 (Ff)l) \
1-(T5)?) "(F)H* )

Similarly = |

| J -2 |

\ () )
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o s = AEA >eAB)ih _ (max{Ff L FEY, min{T}, T§}3,
ince 1; > 4,, then min{Fy, F}'}, max{T}, T’}
AIA e 2'2

(AnB)E = ( min{Tf, T§}, max(Fy, Fg},)c
( 1 - (1= (T, (FP)'M) max{T), TY}, min{EN, F}'}
_ (max{F}, Ff}, min{T}, T£},
B (min{F/{V, FYY, max{TV, TE’,V})

( - TA”)M - 1 -(- (FN)Z)M)
=A“UB®

Ji-a-apoe (Fp)az) (3)4° ® B = ((FF,TD), (FY, 7)) &
((FE. T, (F§, T3))

NAZ_ _ (1 — (FNY2)22 =
Tl 1= = ) < (J(Ff)z+(F5>2—(F:)Z(F;’)Z,TAPT;).)

SZFM, — @O+ T2 = DT ?)

® B)¢

1-(1-01-(T)D%) ((F)% |

Cc
= [ (TMZJ(F:)Z+(F5)2—(F:)2(F§)2), \
( (=) Jl—(l—(&f)%—(1—(1—(F,§V)2)ﬂz)): |\ < |

1 — A - TR - (11— (T))D)%) (F,f)h)

(—T)%’ - - - FEDH) - Ja + @z - (TAN)Z(T;V>2,—F,4VF,§V,> /
- A1—2
(\[1 — (1 = (TP)2)M-22), (Ff )M 2)), / (\/(F/f)z + (FP)?2 — (Ff)Z(F,?)Z,Tng), \
A1—24 - -
(‘HAN)( = 1= o m) k(ﬂv B, e+ @ - (TA”)Z(M)Z))
= (1, — 1,)A. — 4C c
A 2 = A* & B-.
Theorem 3.3 . PP
Let A= (TP,FP,TN,FY), and (5) Since if T; < min {Té’ , ’frp“}, Ff = Ff§
) ) ) ) B
B = (Tf,FE, T, FY), be two BPFNSs, then NN
(1) ACUBE = (4N B)C: =Ty, F=z maX{Fév'FigA}‘
(2) ANB¢=(AUB)¢; we have
(3) AC @ BC = (A ®B)C; AC e BC = (FiftTleANITAN) e (Fg,Tg,FéV,TéV)

4) A°® B¢ =(A®B)S;
I A [ ( e =ao
’ = 1— (D) ‘TP )’
min{Tg Tg”ﬁ} FP>FE, TN <TY, FN > _| (Fa)* T

P
Tp

T
max {Fév L NA}

|
6) AOQB)=(AOGB); if TP =2TF ,Ff < Fg 1—(Tg)?

Proof:
In the following, we shall prove (1),(3),(5)
and (2), (4), (6) can be proved similarly.

(1) AS U BE(FP, TP, FN, TV) U
(F§, TS, F§, TE)
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c
[ =y
TG &

(AQB)¢ =
([ —ap FI |
([
(FP)? — (FF)? TA
T 1-FD?
(e far-a |
\ SRy 1-ah? /
— AC‘EB BC
Theorem 3.4

Let A=(T/,FL, TN, FY), and
B = (TE,FE, TN, FY), be two BPFNSs, then
DAUB)®ANB)=ADB;
(2)(AUB)®(ANB)=AQB;
B)NAUB)O (ANB)=AOB; if TF >

P P ; p Fgy
Ts F; Smm{FB, - },
B

TN > max{TN T’jtn“‘} FN < F}.
B
@ (AUB)QANB) =AQB; if TP <
mln{TB, ig’*} Ff > FF

ﬂN

Y <T1¥, EY Zmax{Fg}’,
B

an}y}

Proof:
In the following, we shall prove (1), (3) and
(2), (4) can be proved analogously.
DAUB)® (ANB) =
max{TF, T}, min{F}, F}},
(min{ TN, TNY, max{F}, F,_f}"})69
min{ TF, TF}, max{F}, F}},
(max{ TV, TN}, min{F}, Fé"})

. Fhmh
(3) Sinceif T =T ,Ff < min {Fg. 'prA}:
B

3 )

N > max{TB, o } FY < F} ,then
(AuB)BS (AnNnB)
_ (max{T}, T}, min{F}, F£},
B <min{TAN, T}, max{F}, FE",V}>
min{Tf, T}, max{F},FF},
(max{TAN, Y}, min{F}, Fé"})

/ max{(TP)?, (TF)?} — min{(TF)?, (T)?} \

| 1- min{(TAP)Z: (T};)Z} ’ |’

\ min{Ff, F} /
max{FF, FF}

min{T), T} \

max{T\Y, TY}’

K_ J (max{FY, FY))? — (min{FY, F}})?

1 — (min{FY, F}'})?

(T)(T)FA

(g |
Ty EN (F)
T8’ 1-(rh)°

=AOGB
Theorem 3.5
LetA = (TF,EF, TV, FY), and
B = (T, FE, T, F}), be two BPFNS, then
(1)(AUuB)NB =B;
(20(ANnB)UB =B;
R AOB)®B=A4,

. FPnP
if TV >TF ,FF < mln{FP igA}’

TN >|maY{TN,n3nA

(Jmax{(TP)z (T9)?) + min{(T} )%, (T])?) — max((T} Yoy (R BT 0%, (TS,

P
min{FY, F§Ymax{F{,FEYif TP Smln{TP i”A} FP FB

< ——nlhl{TXV,7}§}n]ax{7}v,7gy}

Fg'm
Ty < ) EY Zmax{FN BNA}.
g

—Jmax{FY, F}P? + min{FY, FYH* — (min{EY, FY )2 (Reodf), F'})?

(Jerere + g - apragy,—reeg),

(—TANTg,,V, —\/(F;V)Z + (F))? - (FAV)Z(FéVY)
=A@ B.

In the following, we shall Prove (1),(3) and
(2),(4) can be proved analogously.

7n11x{7;f;7}5};rnin{1if;la§};
1)(AUB)NB =
M vE) <min{TAN,TéV}. max (EJ, EY)

n (T3, F§), (T, F§))
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B ((min{max{TAP, T3, Té’},) n ((T¢, FO(TE, FY))
max{min {Ff,FF}, Ff}) _ [ (min{max{T{,TE}, T},
max{min{T), TV}, TV}, - ((max{min{Ff,Fg} FE3, )'
(min{max {FN,FN}, FY })) max{min{T}, T}, TN},
= (TE,FE, TN, F)) = o (min{max{F/{V,FéV} Fé"}))
(3) Since Tf =Tf, F <min {Fg igA}, B <(max{min{Tf, TEY, min{TE, TCP}},)
min{max{F}, F£}, max{F§,F£}})’

N
Y > max{Té", ‘jT,T\,TA}, FY < F}, then
B

/ (TP)? — (TP)? EP \ <min{max{T}’, TYY, max{TY, TCN}},>

| T1-ThH? FE) | max{min{FY, F¥}, min{F}, F¥}}
(A©B)®B =

k<_ﬁ _ M) ) _ <(min{T,f.T§}. max(Ff, Fé’}),) y

Ty 1-(F)? (max{Ty', T8}, min{F}\, F¢'})

@ (18, FD), (T8, F)) (min{TE, T2}, max(FE, F£})
( max{TY, T8}, min{Fg, F}'} )

Py2 _ Pz2 Py\2 _ p22 =AnC)UBNC)
(I/ ( ’(T ) (TE,T)Z) > + (TH)? —( %) BS1A Y B) @ € = ((max{T}, T}, min{F}, FEY),
=11 B L uin{Ty,T}}, max(F},F}}) @
\k Ff ) ((T&,F), (T, NY))
5 FE
FB
TN
( (-7

— _ N
_J GY 4 ey - L8 (Fgf)

Vinax{(T))?, (T2} + (TE)? — max{(T])?, (TH2HTE)?, )
\ min{Ff, FL}FE

( —min{T), TN}T} )
Jmax{EY, FyP? + (F¥)2 — (max{F), Fy )2 (FY)?

1-(F)? (Fg)?
= (TF,FE, TN, FN) = A.
Theorem 3.6
Let A= (Tf,Ff, T), FY), B = = \/(1 = (Tmax{(T)?, (T5)?} + (T7)%,
(g, FE, TN, Ff)and C = (T, FE,TY,FY) be three min{FPFE, FEFE}
BPFNs, then
LD AUB)NC=(ANC)U(BNC); )
@) (ANBYUC=(AUC)N (BUC); < min{=TN'T¢, ~T§'T¢}, >
RUAUUB)BC=ADC)V(BSC); VA = (FH?) (max(FY, Fy)? + (FY)?

AHANB)BC=ADCINBDC); ADOUBOC) =

(5)(AUB)®C=(A®C)U(BC);
B)ANB)Q®C=(A®C)N(EBRO0); (J(TAP)ZHTC")Z - (TAP)Z(Té’)Z.FfFé’). \

Proof: / U
In the following, we shall prove the (1),(3),(5) k(_TANTéV’ _\/(FAV)Z_}_(FCI‘V)Z _ (FN)Z(FN)2>)
I

and (2),(4),(6) can be proved analogously.
max{TAPl TBF}I mln{Ff: Fg};
min{Ty, Tg'}, max{Fy, F§'}

MW@AuB)NC = ( (\/(TP)2+(TP)2 (Tg)*(TE)?, Fg Fc)

)
(TéVTc - ey - FN)Z(FN)Z) /l
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[ [max {J (TPY2+(T2)2 = (TD2(TD)?, J T2+ [ P)Z(TP)Zl A m“X{TAPTCP TTED,
= min J(FJP)} + (FD)? — (FD2(FD)2 A FE + (FDE — (FD2(F,
min{FfFE,FEFE}
min{ TV TC —TNTN}, (min{ (TR + (T2 — (TH2(TM2, = (T5)? + (T8)? — (T3)?
<max{ JENZ+(FN2 — (FN2(FN)2, -/ (FY)?+(FY)? ‘(FN)Z(F } max{—F, Fc.—FéVFéV}
= max{Tf, TE}ITE, >
(max {J (- GODAH+D? (- D2 )(T”)Z*k&ﬂij FEPmind(FL Y, (LY + ()
min{FFFE, FLFE < JA = T min{Tf, TFD? + (TN)%)
—max{T}), TNITY

_ — (FM2Y(FN)2 Mz _ — 2 (R TEOF, /
max {~[( = FODEN? + F2, —A — FD 2 T ET?) A= (TEELTY EY), B =
(TE,FE, TN, FYYand € = (T, FE, TY,FY) be three

| (YA = TDDmax (TP, (TD2} + (IF)?, BPFNSs, then

- min{FF FE, FPFE} ’ (1) AUBUC=AUCUB;
(2ANBNC=ANCNB;
B)AGBOC=A®CDB;

( min{—TNTY, TN TN}, ) HARBRC=A®C® B,
— = FOD nax{Ff, FFH? + (FE)? Proof: '
= ADC)U(BGDO). In the following, we shall prove the (1),(3)

(max{T}, T3}, min{Fy, F§}), and (2),(4) can be proved analogously.
(min{TV, TN}, max{FV, Fé\l})) (1) AuBucC = (TF,FR, TN, FHu
®(T§,F§,TCN,F£’) (Tg'ngTéV:FtI?V)U(T(?:F(?:T(f‘V:FéV)
_ [ (max{max{T{,TE}, T§},
B (( min{min{F}, FE}, FE} >
(( max{Ty, T§}T¢, ) min{min{TV, TV}, TV},
mln{(FP)Z (F)?Y + (FP)?2 — min{(FD)?, (F§)?Y(FE)? (max{max{Fé{V, FNY, FY }>>

(5)(Au3)®c=(

(—\/(min{TAN,Tév})z + (T2 = (min{TF, TéV})z(TCN)z’> ) _ ((ma.x{mc'lX{T/f, TF3, T§}>

min{min{F}, FE}, F
" max{Td, TIT {min{F;, F¢'}, Fg'}
mln{mln{TA ) TCI‘V}! Tév};
- max{max{Fy, F'}, F§'}
max{T;, T§}T¢, = (T4 Fy, T EA) U (T8, FE,TY  FY) v
1 — (FOYYymin{(FP)?, (FP)2} + (FP)2) (¢, FE, T, FY)
V@ - (F A 5 ¢

(—J = T Gmin T, T + (TCN)Z,) 40O =
max(TY T [ (Jaor+ape-arraprss). |
A®C)UB®C) =
(1272, JEDZ + Y = (B2 (FDY?) (—TANTé’, —J (FA2 + (FY)? = (FA)2(FY )2)
U
(=G + TV = (TR, — YR ® (T2, FE), (T, FY))

( (1578, DY + G — (FL2(FER?) >

—JTHZ+ TN = (TH(TY)?, —FéVFcN)
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Gy(ay, az, ..., a,) = Z aj

F{F5F¢
—(=TTEHTE,

(1- () )
T1(-F)")

( (TP)Z+(T§)2—(TAP)2(T§)2+(TP)2 ((TP)2+(TP)2—(T{1>I %2))@)\7)

—JEDZ+ F? = FIRER + (B — (F)? + (Fobard F NﬁZ,gFﬁmgrggtﬁ _’12 ., €

[0,1] and Z _wj =1
Theorem 3.9

<<\/(T G2+ (T2 = (TH(TE? + (T)* — (T2 + (T7 )2

FyFEFS

—(=T'TOTS,

TP)2 (T} )2}_@&1)2 ))(Tp FP TN FN) (=

AV A By
.,n) be a famlly f bipolar Pythagorean fuzzy
numbers

<—J (EI2 + (FY)2 — (FY2 (P2 + (FY)2 — ()2 + Ui? by =

=A@ CSPB.
Definition 3.8
Leta; = (17, FF, TV, FY) ( =
1,2,...,n) be a family of bipolar Pythagorean fuzzy
numbers. A mapping A,,:o, — ¢ is called bipolar
Pythagorean fuzzy weighted average operator if it
satisfies

Ay(ay,ay, ..., 0y) = X7y ;)

(1= (- ) )

. wj
- H?:1(_7}N)w] ’ _\/1 - 7=1 (1 - (F}N)Z) '
where w; is the weight of a; (j = 1,2,...,n), w; €
[0,1] and ¥7_; w; = 1.
Theorem 3.8
Let a; = (TF,FF, TV FY) (j=12,..,n)
be a family of bipolar Pythagorean fuzzy numbers.
Then,
i.Ifa;=a forallj=12,..,n
then, 4,,(ay,az, ...,a,) = a
il. min;_ 1,2,___,n{aj} <A,(ay,ay,..,a,) <
maX] 12,...,n{aj}
ii. If a; < a forall j =1,2,...,n then,

W(al, Ay, ey ) < Aw(ai,a’z, ey ).

Definition 3.9

Leta; = (17, Ff, T/, F') G =
1,2,...,n) be a family of bipolar Pythagorean fuzzy
numbers. A mapping G,:o0, — o is called bipolar
Pythagorean fuzzy weighted average operator if it

satisfies

A ify 2 >)
then Gy(ay,ay,...,a,) =a
ii.minj_, 5 o{a;} <Gy(ay,ay .., a,) <
max;-; 5 n{a;}
iii.If ¢; < a; forall j=1,2,..,n then,
Gy(ay,ay,...,a,) < G,(a,ay, .., a,).

4. BPFN-DECISION MAKING PROBLEM

In this section, we develop an approach based on the
A, (or G,,) operator and the above ranking method to
deal with multiple criteria decision making problems
with bipolar Pythagorean fuzzy information.

Suppose that A ={A, 4, ..,4,} and C=
{C.,C;, ..., C,} is the set of alternatives and criterions
or attributes, respectively. Let w = (w;, w5, ..., w,)T
be the weight vector of attributes, such that
2i=iwj =1, w; 20 (j=1.2,..,n) and w; refers
to the weight of attribute C;.An alternative on
criterions is evaluated by the decision maker, and the
evaluation values are represented by the form of
bipolar Pythagorean fuzzy numbers.

Assume that (a;;) = (T, Fj, T, FlY) s the
decision matrix provided by the decision maker; a;;
is a bipolar Pythagorean fuzzy number for alternative
A; associated with the criterions C;. We have the

conditions TS,FLF]’,TN and Ff} € [0,1]  such that

0 < (T ) + (F! ) + (1 ) +( ) <2 for
i=12,..,mand j=1, 2

Now, we can develop an algorithm as follows:
Algorithm

Step 1. Construct the decision matrix provided by the
decision maker as:

(i), = (TG FLTHFY)

Step2.Compute

a; = Ay (@i, Qiz, -, Ain) (OT Gw(aiy, Az, ""ain))
foreachi=12,..,m
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Step 3. Calculate the score values of S(a;) (i =
1,2,..,m) for the collective overall bipolar
Pythagorean fuzzy number of a; (i = 1,2, ..., m).
Step 4. Rank all the software systems of a; (i =
1,2, ..., m) according to the score values.
Now, we give a numerical example as follows:
Example 4.1

A customer who intends to buy a mobile.
Four types of mobiles (alternatives) A; (i = 1,2,3,4)
are available.The customer takes into account four
attributes to evaluate the alternatives;, C; =
Storage capacity, C, = Camera Pixel Quality,
C; = Screen Size, C, = Battery Condition  and
use the bipolar Pythagorean fuzzy values to evaluate
the four possible alternatives A; (i = 1,2,3,4) under
the above four attributes.Also, the weight vector of

the attributes C;(j=1234) is
w = (0.1,0.2,0.3,0.4)7.
Then,

Step 1. Construct the decision matrix provided by the
customer as:
Table 1: Decision matrix given by customer

Alternatives C; C, Cq Cy
Ay (0.8,0.2) | (0.5,0.3) | (0.7,0.5) | (0.9,0.4)
(-0.4,- (-0.8,- (-0.7,- (-0.7,-
0.9) 0.4) 0.2) 0.1)
A, (0.5,0.4) | (0.9,0.1) | (0.5,0.1) | (0.8,0.2)
(-0.2,- (-0.6,- (-0.4,- (-0.3,-
0.7) 0.6) 0.6) 0.4)
As (0.7,0.1) | (0.1,0.8) | (0.3,0.7) | (0.5,0.5)
(-0.8,- (-0.4,- (-0.4,- (-0.6,-
0.4) 0.5) 0.5) 0.5)
A, (0.6,0.5) | (0.8,0.5) | (0.6,0.3) | (0.7,0.2)
(-0.2,- (-0.5,- (-0.1,- (-0.2,-
0.8) 0.4) 0.7) 0.9)

Step 2. Compute a; = A,,(a;1, a;2, a;3,a;4) for each

i=123,4as:
a; = (0.8010,0.3767,—0.6798, —0.4419)
a, = (0.7584,0.1516,—-0.3607, —0.55)
a; = (0.4377,0.5173,—0.5042, —0.4914)
a, = (0.6922,0.2973,—-0.1951,—0.7959)

Step 3 .Calculate the score values of
collective

1,2,3,4)

for the

overall

S(a;) (=

bipolar

Pythagorean fuzzy number of a; (i = 1,2, ..., m) as:
S(a,) =0.3833
S(a,) =0.1899
S(a;) = —0.0316
S(a,) = —0.1023
Step 4. Rank all the software systems of A; (i =
1,2,3,4) according to the score values as:
A > A, >A; > A,

and thus A, is the most desirable alternative.

5. CONCLUSION

In this paper, we have introduced the notions of
BPFS, BPFWA operator and BPFGA operator. We
have also discussed some of their properties .Finally,
a numerical example of the method was given to
demonstrate the application.
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