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Abstract: In this manuscript, we present the concept of single valued neutrosophic graph structures.
We introduce the domination number of single valued neutrosophic graphs and elaborate them with
suitable examples by using strength of path and strength of connectedness. Further, we investigate
some remarkable properties of independent domination number, product domination, triple connected
domination of single valued neutrosophic graph and the proposed concepts are described with suitable
examples.
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1. INTRODUCTION

Fuzzy graph theory was introduced by Azriel Rosenfied in 1975. Though it is very young it has been
growing very fast and has crucial applications in varies fields. Fuzzy set was introduced by Zadeh [29)
whose basic components is only a membership function. The generalization of Zadeh’s fuzzy set, called
intuitionistic fuzzy set was introduced by atanassov which is characterized by a membership function
and a non membership function. According to Atanassov, the sum of membership degree and a non
membership degree does not exceed one. A. Somasundaram and S. Somasundaram [5] presented
more concept of independent domination, connected domination in fuzzy graphs, R. Parvathi and
G. Thamilzhendhi [3] introduced domination in intuitionistic fuzzy graphs and discussed some of its
properties. Molodtsov [19] introduced the concept of soft set theory as a new mathematical tool for
dealing with uncertainties. Molodtsov’s soft sets give us new technique for dealing with uncertainty
from the view point of parameters. It has been revealed that soft sets have potential applications in
several fields. Recently, the author Smarandache [17,(18]2529] introduced and studied extensively
about neutrosophic set and it receives applications in many domains. Akram [7] established the certain
notions including neutrosophic soft graphs, strong neutrosophic soft graphs, complete neutrosophic
soft graphs. Motivation of the above, we introduced the concept of domination number in single
valued neutrosophic fuzzy graphs, product domination and triple connected domination number in
single valued neutrosophic fuzzy graphs. The major contribution of this work as follows:

e The domination number of single valued neutrosophic soft graphs is established by using the
concept of strength of a path, strength of connectedness and strong arc.

e The necessary and sufficient condition for the minimum domination set of single valued neu-
trosophic soft graph is investigated.

e Some properties of independent domination number of single valued neutrosophic soft graph
are obtained and the proposed concepts are described with suitable examples.

e Further we presented a remarkable properties of product domination of single valued neutro-
sophic soft graph.

2. PRELIMINARIES

Definition 2.1. A Neutrosophic set A is contained in another neutrosophic set B,(i.e) A C C if
Ve € X,Ta(z) <Tp(x),la(z) < Ip(z)and Fa(z) > Fp(z).

Definition 2.2. Let X be a space of points (objects), with a generic elements in X denoted by x. A
single valued neutrosophic set (SVNS) A in X is characterized by truth-membership function Ta(x),
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indeterminacy-membership function I4(x) and falsity-membership-function Fa(x). For each point x
in X, Ta(z), Fa(z),I4(x) €0,1].
A={z,Ta(x),Fa(x),Ia(x)} and 0 < Ta(z) + Ia(x) + Fa(z) <3
Definition 2.3. A single-valued neutrosophic gmph (SVNG) is defined as a pair G = (V, E) where (i)
V = {v1,ve,..,vn} such that Ty =V — [0,1], 1 =V — [0,1] and F; =V — [0,1] denote the degree of
truth-membership function, indeterminacy functwn and falsity-membership function,respectively and
0 <Ta(x)+ Ia(z) + Fa(z) < 3.

(it) ECV xV where Ty = E — [0,1],I = E — [0,1] and F» = E — [0,1] are such that

To(uv) < min{T} (u), T1(v)},

I3 (uv) < min{ly(u), 1 (v)},

F(uv) < max{Fy(u), Fi(v)}.

and 0 < To(uwv) + Ix(uv) + Fa(uv) < 3. Yuv € E

Definition 2.4. The order of a (SVNG) G is Ord(G) = > Ty(x), > I;(z), > Fs(x)

zeV zeV zeV
Definition 2.5. The size of a (SVNG) G is Size(G) = > Tk(zy), >, Ix(zy), > Fk(zy)
zelR relE zEE

Definition 2.6. Let G = (V,E) be an (SVNG). then cardinality of G is defined to be
14T 5y (x)+ 15, oy (x)—Fyie)(x 14T ey (zy)+H K, o) (2y)— Fi (o) (27
|G‘= 7(e) () 1(2)() J()()+ K (o) (@Y) Tk o) (2Y) K()(U)VUEV

2 5

Viev Viv; €E
Definition 2.7. Let G = (V, E) be an (SVNG), then vertex cardinality of G is defined to be

Z 1+TJ(6)('I)+IJ(€)( ) FJ(e)
2

= ‘v ev.

zeV
Definition 2.8. Let G = (V, E) be an (SVNG) then the Edge cardinality of E is defined to be
14Ty (o) (2y) +H Kk o) (2Y) = Fr () (zY)
[El=1 X 5 | Vuw
zyelE
Definition 2.9. The degree of a vertex v in an (SVNG) G is defined to be sum of the weight of the
strong edges incident at v. It is denoted by dg(v).
The minimum degree of G is 6(G) = min{dy(v)/v € V.}
The mazimum degree of G is A(G) = max{dy(v)/v € V.}

Definition 2.10. Two vertices x and y are said to be neighbors in (SVNG) graph if either one of the
following conditions hold.

( ) TK(G (il' ) >0, I e)( y) > 0 FK(e)(‘/L’y) >0,
(2) T (ey(wy) > 0, I (ey(zy) = 0, Fe(e) () > 0,
( ) TK(P)(xy) >0, IK(P)(xy) > 0 FK((’)(xy) =0,
(4) Tk (e)(zy) = 0, I (ey(zy) > 0, Fe(ey(xy) > 0. for all z,y € V.

Definition 2.11. A path in an (SVNG) is a sequence of distinct vertices vy, va, ..., vn. such that either
one of the following conditions is satisfied.
(1) TK(e)(xy) >0, IK(e)(xy) >0, Fe e)( y)
( ) TK(e) (xy) >0, IK(e)(xy) =0 FK(e)(xy)
(3) Tr(e)(xy) > 0, Ixc(ey(xy) > 0, Fie(e)(wy)
(4) T (ey(wy) = 0, I (e)(zy) >0 FK(E)(my) > 0. for all z,y € V,.

3

>0
> 0,
=0,

Definition 2.12. The length of a path (SVNG) P = vy, v, ..., vpt1(n > 0) is n.

Definition 2.13. Ifv;,v; are vertices in G and if they are connected means of a path then the strength
of that path is defined as
(minm» TK(e) (Ui, ’Uj), minw» IK(e) (Ui, ’Uj), max; ; FK(e) (’UZ', Uj)) where
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min; ; Tk (o) (vi, v5) is the Tk (e)- strength of weakest arc and min; j I (o) (vi,v;) is the I (e)- strength
of weakest arc and max; j Fi(c)(vi,v;)) is the F(c)- strength of strongest arc.

Definition 2.14. If v;,v; € V C G, the Tk ()-strength of connectedness between v; and vj; is
TIO(O(e)(vi,vj) = sup{TII({(e) (vi,vj)/k = 1,2,..n,e € A} and Iy~ strength of connectedness between
v; and v; is I55 ) (vi,v;) = sup{[ﬁ(e)(vi,vj)/k =1,2,..n,e € A} and
FiEloy (Wi v;) = inf{FIk((e) (vi,v)/k =1,2,..n.}.
If u,v are connected by means of path of length k then Tf((e) (vi,v5) is defined as
sup{TK(e) (u,v1) A TK(e)(Ul,Ug) A TK(e) (’Ug,’U;g),..,TK(e)(vk_l, Vg) /U, U, V1, ...Vk—1,V € V},
I,f(e)(vi,vj) is defined as
sup{Zx(e)(u,v1) A Tic(ey(v1,v2) A Ik (e)(v2,v3)..., I (e) (Vh—1,Vk) /U, v, V1, .0k —1,v € V'} and
Flk{(e)(vi,vj) is defined as
inf{Fr(ey(u, v1) V Fey(v1,v2) V Fi(e)(v2,v3)..., Fr(e)(Ve—1,Vk) /U, v, 01, .0k —1,v € V}.

Definition 2.15. Two vertices that are joined by a path is called connected (SVNG) graph.

Definition 2.16. Letu be a vertex in an neutrosophic soft graph G = (V, E) , then N(u) = {v:v € V}
and (u,v) is a strong arc is called neighborhood of .

Definition 2.17. A vertex uw € V of an neutrosophic soft graph G = (V, E) is said to be an iso-
lated vertex if Tr(ey(u,v) = 0 and I )(u,v) and Fge)(u,v) = 0 , thus an isolated vertex does not
dominated any other vertex in G.

Definition 2.18. An arc (u,v) is said to be strong arc, if T (e)(u,v) > T?(e)(u’v) and I (o) (u, v) >
I?(O(e) ('U;, U) and FK(G) (U, U) 2 Flo(o(e) (u, U).

3. DOMINATION OF SINGLE VALUED NEUTROSOPHIC GRAPH

Definition 3.1. Let G = (V, E) be an (SVNG) on V. Let u,v € V, we say that u dominates v in G
if there exists an strong arc between them.

Note 1:

1) For any u,v € V, if u dominates v then v dominates u and hence domination is a symmetric
relation on V.

2) For any v € V, N(v) is precisely the set of all vertices in V which are dominated by v.

3) If Ti(e)(u,v) < Ty (u,v) and Ig(e)(u,v) < I, (u,v) and Fie)(u,v) < Fg5, (u,0), for all
u,v € V and then the only dominating set of G is V.

Definition 3.2. A subset S of V' is called a dominating set in G if for every vertexv € V. — S there
exists u € S such that u dominates v for all u,v € V.

Definition 3.3. A dominating set S of an (SVNG) is said to be minimal domiating set if no proper
subset of S is a dominating set. for all u,v € V.

Definition 3.4. Minimum cardinality among all minimal dominating set is called lower domination
number of G, and is denoted by > (dys(G))Vu,v € V.
SevV

Mazimum cardinality among all mazimum dominating set is called upper domination number of G,
and is denoted by > (Dns(G))Vu,v € V.
Sev

Example 3.1. Consider an (SVNG) graph G = (V, E), such that V = {a,b,c,d} and
E = {(ab), (bc), (cd), (da), (ac)}.
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a(0.5,0.5,0.6)  (0.4,0.5,0.6) b(0.5,0.6,0.7)
(0.4,0.5,0.6) (0.4,0.3,0.6)
0.4,0.5,0.7)
d(0.4,0.5,0.7)  (0.4,0.3,0.6) ¢(0.4,0.3,0.6)
SINGLE VALUED NEUTROSOPHIC GRAPH
Figurel

For the example (1) the dominating sets are {(a,b), (b,c), (¢,d), (d,a), (a,b,¢), (d,c,a), (b,d,a),(d),b}
the minimum dominating set {d}. The Mazimum dominating set is {a,b}. The minimum dominating
number is 0.6. The maximum dominating number 1.4.
For Figure 1, domination number is Y (dns(G)) =0.6. and > (Dns(G)) = 1.4.

Sev SeVv
Definition 3.5. Two vertices in an (SVNG) graph, G = (V, E) are said to be independent if there is
no strong arc between them.

Definition 3.6. A subset S of V is said to be independent set of G if Tk (c)(u,v) < TZ e (u,v) and
Tk ey (usv) < I (u,0) and Fie(ey(u,v) < Fgiy (u,v) Yu,v € S.

Definition 3.7. An indepentent set S of G in an neutrosophic soft graph is said to be maximal
independent, if for every vertex v € V — S, the set S U {v} is not independent.

Definition 3.8. The minimum cardinality among all maximal independent set is called lower indepen-

dence number of G, and it is denoted by > (ins(G)). The mazimum cardinality among all mazimal
SeVv
independent set is called lower independence number of G, and it is denoted by > (Ins(G)).
SevV

Example 3.2. Consider an above example for an (SVNG) graph G = (V, E), such that V = {a, b, ¢, d}
and E = {(a,b), (bc), (cd), (da), (ac)}.
For the Example (2) minimum independent dominating set is {a,c} and (2) mazimum independent
dominating set is {a,c}. Then the > (ins(G)) = 1.55 and > (Ins(G)) = 1.55

sev Sev
Theorem 3.9. A dominating set S of an SVNG, G = (V, E) is a minimal dominating set if and only
if for each d € S one of the following conditions holds.
(i) d is not a strong neighbor of any vertex in S.
(ii) There is a vertex v € V. — {S} such that N(u)NS = d.

Proof. Assume that S is a minimal dominating set of G = (V, E). Then for every vertex d € S,
S — {d} is not a dominating set and hence there exists v € V — (S — {d}) which is not dominated by
any vertex in S — {d}. If v = d, we get, v is not a strong neighbor of any vertex in S. If v # d,v is
not dominated by S — {v}, but is dominated by D, then the vertex v is strong neighbor only to d in
S. That is, N(v) N S = d. Conversely, assume that S is a dominating set and for each vertex d € S,
one of the two conditions holds, suppose S is not a minimal dominating set, then there exists a vertex
de S, S—{d} is a dominating set. Hence d is a strong neighbor to at least one vertex in S — {d},
the condition one does not hold. If S — {d} is a dominating set then every vertex in V' — S is a strong
neighbor at least one vertex in S — {d}, the second condition does not hold which contradicts our
assumption that at least one of thse conditions holds. So D is a minimal dominating set. ]

Theorem 3.10. Let G be an SVNG without isolated vertices and S is a minimal dominating set.
Then V — S is a dominating set of G = (V, E).
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Proof. S be a minimal dominating set. Let v be a any vertex of S. Since G = (J, K, ) has no isolated
vertices, there is a vertex d € N(v). v must be dominated by at least one vertex in S — v, that is
S — v is a dominating set. By above theorem, it follows that d € V' — S. Thus every vertex in S is
dominated by at least one vertex in V' — S, and V — S is a dominating set. ]

Theorem 3.11. An independent set is a mazimal independent set of SVNG, G = (V, E) if and only
if it is independent and dominating set.

Proof. Let S be a maximal independent set in an SVNG, and hence for every vertex v € V — S, the
set S Uw is not in dependent. For every vertex v € V — S there is a vertex u € S such that u is a
strong neighbor to v. Thus S is a dominating set. Hence S is both dominating and independent set.

Conversely, assume S is both independent and dominating. Suppose S is not maximal independent,
then there exists a vertex v € V' — S| the set S Uwv is independent. If S U v is independent then no
vertex in S is strong neighbor to v. Hence S cannot be a dominating set, which is contradiction,
Hence S is a maximal independent set. O

Theorem 3.12. Every mazimal independent set in an SVNG, G = (V, E) is a minimal dominating
set.

Proof. Let S be a maximal independent set in a NSG, by previous theorem, S is a dominating set.
Suppose S is not a minimal dominating set, then there exists at least one vertex v € S for which S —v
is a dominating set, But if S — v dominates V' — S — (v), then at least one vertex in S — v must be
strong neighbor to v. This contradicts the fact that .S is an independent st of G. Therefore, must be
a minimal dominating set. O

4. PRODUCT DOMINATION IN SINGLE VALUED NEUTROSOPHIC GRAPH
Definition 4.1. Let G = (V, E) be an SVNG, If
() Tr(zy) <{Ts(x) x T;(y)},

(il) Ix(zy) <{Ls(x), 1;(y)},
(ili) Fr(zy) <{Fs(z), Fs(y)}

and 0 < Tk (zy) + Ik (zy) + Fr(2y) < 3. Yuv € V. where X represent ordinary multiplication, the the
SVNG G is called the product SVNG.

Remark 4.2. If G = (V, E) is an SVNG, because Ty, Fy,I; are less then or equal to 1, it follows
that,

(i) Tk (zy) <A{Ts(x) x Ts(y)} min{Ts(x), Ts(y)}
(i) Ir(zy) <A{IL;(x),1;(y)}min{l;(z), I;(y)}
(iil) Fr(wy) < A{Fs(z), Fs(y)} max{F;(z), F;(y)} for all z,y € V.

Thus, every product of single valued neutrosophic graph is an single valued neutrosophic graph.
Example 4.1. Let G = (V,E) be a product SVNG. Let the set be V = {a,b,c,d} and Tj(a) =

{0.5,0.6,0.7},T5(b) = {0.6,0.7,0.4},T5(c) = {0.4,,0.3,0.2},T;(d) = {0.5,0.4,0.6} This ezample show-
ing on figure 2
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a(0.5,0.6,0.7)  (0.30,0.42,0.28) 5(0.6,0.7,0.4 )
(0.25,0.24,032) (0.20,0.21,0.07)
d(0.5,04,0.6)  (0.20,0.10,0.11) ¢(0.4,03,0.2)
PSVNG
Figure?2

Definition 4.3. A product SVNG G = (V, E) is said to be complete if

(1) Tr(zy) ={Ts(x) x Ts(y)}
(ii) Ix(zy) ={Ls(2),1s(y)}
(iil) Fr(xy) = {Fy(x),F;(y)} for allz,y €V

Definition 4.4. The complement of PSVNG G = (V, E) is an PSVNG G=(V,E) is an SVNG where,
(i) Ty =T;, Tk (xy) = {Ts(x) x Ts(y) — Tk (zy), }

(i) 1y =151k (zy) = {1;(x) x 1;(y) — Ik (2y), }
(ili) Fy =F;,Fx(2y) = {F;(x) x F;(y) — Fx(zy).} for all z,y € E.

Definition 4.5. An arc (z,y) is said to be strong arc in PSVNG if Tk (xy) = {Ts(x) x Ts(y)},
I (wy) = {1;(x), L;(y)} and Fg (zvy) = {F;(x), Fs(y)} for all z,y € V

Definition 4.6. Let X be a vertex in PSVNG G = (V, E) then N(u) = {v:v € V : (u,v)isastrongarc}
is called neighborhood of u.x,y € V' In Particular case, if Tk (x,y) = 0,Ix(x,y) =0, Fx(x,y) =0 for
allueV.

Definition 4.7. A vertex x € V of an PSVNG G = (V, E) is said to be an isolated vertex if T =
0,Fk =0,Ix =0 forallz,y e V.

Definition 4.8. An arc (z,y) is said to be a strong arc, if Tk (x,y) > T (zy), Ix(x,y) > IF (zy),
and Fi(z,y) > FX(vy) for all x,y € V.

Definition 4.9. Let G = (V, E) be an PSVNG on V. Let x,y € V. we say that x dominates y in G if
there exists a strong arc between them for all x,y € V.

Remark 4.10. (1) for any z,y € V, if x is dominates y then y dominates x hence domination is a
symmetric relation on V.

(2) for any x € V, N(x) is precisely the set of all vertices in which are dominate by v.

(3) if Tk (z,y) < T2 (xy), Ix(x,y) < I¥(zy),andFi(x,y) < F2(xy) for all x,y € V. then the only
dominating set of Gis V.

Definition 4.11. A subset S of V is called a dominating set in PSVNG G if for every vertexv € V—S
there exists u € S such that u dominates v for all x,y € V.

Definition 4.12. A dominating set S of an PSVNG is said to be minial dominating set if no proper
subset of S is a dominating set for all x,y € V.
Minimum cardinality among all minimal dominating set is called lower domination number of G, and
is denoted by > dpsyn(G).

SeVv

Mazimum cardinality among all mazimal dominating set is called upper domination number of G, and

is denoted by > Dpsyn(G).
Sev
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Example 4.2. Consider a PSVNG G = (V,E) for figure(3), such that V. = {a,b,c,d,e} and E =
{(ab), (be), (cd), (de), (ac), (bd)}

a(0.5,0.6,0.4)  (0.30,0.30,0.20) b(0.6,0.5,0.5)

(0.48,0.19,0.20)

(0.30,0.20,0.25) (0.40,0.20,0.20) ¢(0.8,0.4,0.5)

(0.50,0.19,0.20)

(0.6,040.7)  (0.40,0.18,0.30) d(0.7,0.5,0.5)

Domination in PSVNG
Figure3

Here (cd) weak arc, then the dominating sets are S1 = {a,b},S2 = {a,b,c},S3 = {d,b}Ss =
{¢,d,a}Ss = {c,e}Se = {a,b,d}S; = {d,c,e},Ss = {a,b,e} then vertex cardinality of all domi-
nating sets,

51 =1.65,5 =1.70, 53 = 1.65, .54 = 2.55, 55 = 1.50, 5S¢ = 2.50, 57 = 2.35,Sg = 2.30,

Here. S5 is a minimum dominating set of minimum cardinality and dpsyna(G) = 1.50,5; is a
minimal dominating set of mazimum cardinality and Dpsync(G) = 1.7

Definition 4.13. Let G = (V, E) be an PSVNG without isolated vertices, A set S is a total dominating
set if for every vertex u € V, then there exists a vertexx v € S,u # v such that u dominates v for all
z,y V.
The minimum cardinality among all minimum total dominating set is called lower total domination
number of G = (V, E) and is denoted by tpp(G) = Y, S(G).

seV
The mazimum cardinality among all maximum total dominating set is called lower total domination

number of G = (V, E) and is denoted by Tpp(G) = Y S(G).
seV

The proof of the following results are similar to that of the above, hence omitted.

Theorem 4.14. A dominating set D of an PSVNG, G = (V, E) is a minimal dominating set if and
only if for each v € S one of the following conditions are satisfied. (i) v is not a strong neighbor of
any vertez in S.

(i1) There exists a vertex v € V. — {S} such that N(u) N D = {v}.

Theorem 4.15. Let G be an PSVNG without isolated vertices and S is a minimal dominating set.
Then V — S is a dominating set of G = (V, E).

Theorem 4.16. An independent set is a mazimal independent set of PSVNG, G = (V, E) if and only
if it is independent and dominating set.

Theorem 4.17. Every mazimal independent set in an PSVNG, G = (V, E) is a minimal dominating
set.

5. TRIPLE CONNECTED DOMINATION NUMBER OF A SVNG

Definition 5.1. Let G = (V, E) be a SVNG any three vertex lie on a path is called a triple connected
SVNG.

Definition 5.2. A subset S of V' of a non-trival graph of G = (V, E) is said to be an triple connected
domination set, if S is a dominating set and the induced subgraph < S > 1is triple connnected.

minimum cardinality among all minimal dominating set is called lower domination number of G, and
is denoted by Tsyn(G) = >, S(G).
ueV
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Example 5.1. Consider a SVNG for a figure (4).
Let V = {a,b,c,d,e} and E = {(ab), (bc), (cd), (de), (ef), (af), (bd), (df)}. for the figure (cd) is
weak arc.

a(0.5,0.6,0.4)  (0.5,0.4,0.5) b(0.6,0.7,0.6)
(0.5,0.3,0.4)
(0.4,0.4,0.4) (0.5,0.5,0.5) ¢(0.6,0.5,0.5)
(0.5,0.3,0.5)
05,0607\ (0.50.504) d(0.6,0.5,0.6)
(0.5,0.4,0.5) (0.5,0.5,0.5)
¢(0.6,0.5,0.4)

Triple Connected Domination in SVNG
Figure3

Here the triple connected dominating sets are
Sl = {CL, b7 C}? SQ = {CL, b7 d}7 S3 = {d7 ba 6}7 54 = {d7 ba C}a S5 = {67 da C}7 Sﬁ = {aa ba 6}
Here, S1 and Sg are minimum dominating sets of minimum domination number Tsyn = 2.3

Remark 5.3. Single valued neutrosophic triple connected dominating set does not exists for all graphs
and if exists the Tsy n(G) 2 3(Since all arcs arc strong arcs)

Remark 5.4. The complement of the SVNG triple connected dominating set need not be a triple
connected dominating set.

Remark 5.5. Every SVNG triple connected dominating set is dominating set, but not conversely,

6. CONCLUSION

In this work, we derived the domination number of single valued neutrosophic graphs and elaborate
them with suitable examples by using strength of path and strength of connectedness. Further, we
investigate some remarkable properties of product single valued neutrosophic domination number and
triple connected domination graph and the proposed concepts are described with suitable examples.
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