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1. INTRODUCTION

Regular open sets and b-open sets have been introduced and investigated
by Steiner [7] and Andrijevic 2], respectively. They generalized closed sets,
semi-generalized closed sets, regular generalized closed sets, semi-closed sets,
pre-closed sets, a-closed sets. Al-Omari and Noorani [1] investigated the class
of generalized b-closed sets and obtained some of its fundamental properties.
We introduce the concepts of rb-open sets for identifying the inverse operator

in any space ( real domain or an imaginary domain).

2. PRELIMINARIES

In this section, we present some basic definitions and fundamental results

which will be useful for further discussion.

Definition 2.1. A subset M of a space X is said to be regular closed if
M = Cl(Int(M)).

Definition 2.2. A subset M of a space X is said to be b-closed if Int(Cl(M))N
Cl(Int(M)) C M.

Definition 2.3. A subset M of a space X is said to be
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(1) generalized closed if C1(M) C U whenever M C U and U is open in
X,

(2) generalized semi-closed if scl(M) C U whenever M C U and U is open
in X,

(3) semi-generalized closed if scl(M) C U whenever M C U and U is
semi-open in X,

(4) regular-generalized closed if Cl(M) C U whenever M C U and U is
regular-open in X,

(5) generalized b-closed if bel(M) C U whenever M C U and U is open in
X.

(6) f-generalized closed if ¢l(M) C U whenever M C u and U is open in
X.

The complements of the above mentioned closed sets are their respective
open sets. These operators are used in the real domain and the corresponding
complements are related to regular inverse operators which are used in the
complex domain. The intersection of all regular closed sets of X containing M
is called the regular closure. The grneralized inverse, of M is the union of all

regular open sets contained in M.

Definition 2.4. The inverse of the generalized rb - inverse open form of the
nt" kind denoted by f;,' is defined as, if fyv(k) = u(k), then

'U(k) = f;ll(,(k) + C(n_l)jm + C(H—Q)jm
fn—1 L
ki k
+ '.-+02j (2)7£3 +CljZ+Coj7 (1)

where ¢;;’s are constants. In general
—-m __ p—17 p—(m—1)
3. INVERSE OF GENERALIZED RB - CLOSED OPERATOR OF THE n!* KIND

In this section, we define the generalized form of rb - inverse open and
closed space and present the general formula to find the sums and general
partial sums of a given sequence. Also we find the partial sums of the products

of n consecutive terms of known coefficients.
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Definition 3.1. If £ € (0,00), then the rb-inverse operator f[l is defined as,
if

then
v(k) = i (u(k) + ¢, (2)
where ¢; is a constant, where j = k — [%]E.

Theorem 3.2. If m,n are positive integers, € is a real coefficient, and m > n/,
then

(i) (k—(n—10"—(n—1)(k— (n—2)0)" +--+ (1) k™

1 m
§ Smgm—rk(r). 3
n — T M ( )

k(m—i—?n—l) k(nfl)

. —1..(m) _ L o —
(@) Jo ke = n(m+1)(m+2)-- (m+2n— 1)1 T G ((n - 1)wnl>

kén—Q) ké2) kél)
T2 | gz | Tt |\ g | en | T ) T (4)

(m) 1 — mpm—r p— (r)
(1) ko = n Z St ff[—l(n—l) ki -

r=1

k
Theorem 3.3. If { is a positive real and j = k — [—}6, then

l
(5]
frlulk) =Y ulk —rl) +¢;, (6)

r=1

where c;j is constant.
Theorem 3.4. Ifn € N(1), £ € (0,00) and k € [0,00), then

]

1)
— iy =3 . @)

kk
far u(®) (1)

jl(n—1)¢+j

r=n
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Proof. Since

(5] (5] ]
Fo Y ulk—re) 3= > ulk+L—r0) = u(k —rl) =u(k),

r=1 r=1 r=1

by Definition [3.1, we can obtain

. L
= ulk—ro). (8)

J

f[lu(k)

r=1
Since fggl = £, 1 (f, 1), by taking f,* on both sides of @D and again applying
(&), we get
[£]
k £

k
f[zlu(k)

J
U

The following theorem is the formula for finding the general partial sums of

a given sequence.

Theorem 3.5. Let k € [Tlgn, OO), gz Z &'71, Ul<k) = Azl(uz,1<k) —Ui,1<ji,1)),

fori=2.3....n and ui (k) = f[llu(k:) with j; = k — [ﬂ&-, fori=1,2,...,n.
Then

ST Sk by tarls — e 1oy — 1) = 1y (k) — ()

rn=17rpn_1=1 ri=1
—{Ui2.n+Us3zn+ -+ Un-1yn, }
where
. kL . k—r.t, . k—rnl, — - —19ly
g = i = 2 )
o Tho1 T
Ui.(i+1).---(n71).n = Z Z te Z ui(jiTiJrlTiJrQ“'rn)
rn=lrp_1=1 riy1=1

and

. k—rnén—---—ri 67,

Jiripirigorn = (k — Tl — - — 7ﬂi-i-lfi-f-l) - [ 0. = —H}Ezﬁ

fori=1,2,--- (n—1).
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Proof. From the equation @ and replacing k by j;, we obtain

[£]

— u(k —rily) = uy (k) —ui(j1), (9)

1

e

(k) = £ uk)]

J1

T1

where u; (k) = f[llu(k). Taking f[21 on both sides and then replacing k by
J2, we obtain where wu; (k) = f[llu(k). Taking f[21 on both sides and then
replacing k£ by js, we obtain

2(k) = [, 21(k) Z —rala) = uz(k) — uz(ja) — Uha, (10)

£
where uq(k) = f[ll(ul(k) —wu1(j1)) and Uyp = > uy(Jir,) with g1, = (k —
ro=1

roly) — [E=r2te ’"2&]6 Again applying fe on both sides and then replacing k by

J3, we find

wo(k) = fitza(h)]

J3

= Z 2o(k — r3ls) = ug(k) — us(ja) — {Usas + Ura}, (11)

] [52]
where u3(k) = fggl(lbg(k) —us(j2)), Uras = Z Z U1 (Jirgrs )
rg=1 1ro=1
%]

by, Uy = Z U2(j2r3) and

rz3=1

. k —rgls — 1ol

jlrzrgz(k_r3€3_r2g2)_ [ 3; 2 2}
1

Jors = (k = r3ly) — [SE5] 0.

The proof follows from @D, , and repeating this process n times. [

The following is the statement of the Theorem [3.5| when n = 2.

Corollary 3.6. Let (5 > {1, k € [205,00) and u(k) = k. Then

%] [
Z Z (k —roly — 1m101) = us(k) — us(jo) — Ura, (12)
ro=1 r1=1

where

kéf) (ly — 51)@3) (jl)ff)kéi)

6010, A0, 2040,

Ug(kj) =
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s obtained from

/“72) _ (jl)f)
20, 20,
]

Upp = Z ul(jlrg)

ro=1

(51 (k?) =

and

k — T2£2
. &

Theorem 3.7. Assume that f(k) = q(k)—p(k)—p(k—1{) > 0 for all k € [, 0)
and f(k) # 0 for infinitely many k. Then every solution is bounded on [¢,0)

j1r2 = (k - 7"262) - [

if and only iof

oo T f S
2. 5 < (13)

r=1 s=1

Proof. Let all solutions of be bounded. For k; € [(,00), we define a
solution of o™ H u(k) ) by setting
ulky +§) = (¢ + a2
and
k1
ke + j +0) = 2+ j)a~ 2]
for 0 < j < ¢. Thus,
fa@u(ky +j + 1) = la” [71}>0
Considerr=
p(lﬁ + ] + g)fa(g)u(lﬁ + ] + é) = Ctp(lﬁ + j)fa(g)u(]ﬁ + ])
+af(k+ g+ Oulky + 5 +0)
Since p(k) > 0, > 0 and f(k) > 0, implies that foyu(ks + 7+ £) > 0 which
vields w(ky + j + 2¢) > 0. Thus, by induction u(k) > (£ + j)oa_[%]_l and
Jau(k) > 0 for all k € [k, 00). Expanding this, we have

n—1

u(ky +j+nl 4+ 0) = au(ky +j +0) + (@ = 1) Y ulky +j + (r + 1)0)

r=1
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n i ap(ky + J) fa@u(ks + )

—1 p(lﬁ +] + 7'6)

n

1
- k ] Du(k ] 14 14
+;p(k‘1+j+r€);af( L+ sOulky + j + sb), (14)

r

it follows that

. . “~ ap(k1 + J) fa@u(ky + 7)
ki 4+ 74+nl+0)> (20 + 7) + .
u(ky +j +nl +0) > (20 + j) ; oo+ +10)

Z ~af (ki +j+ sOu(ky + j + sf)

= p(ki +Jj +1rl)
from which it is clear that if ( ) is bounded, then ([13)) must be satisfied as «
is finite.

Conversely, let u(k) be an unbounded solution of so that here exists
a ky € [¢,00) such that u(k) > 0 and fou(k) > 0 for all k& € [ks,00). Then

we get
 fawGp(k = 0) fau(k — £))
fk) = (k)
Lp(k) fayu(k) — p(k = 0) fa@u(k — 0)
2 au—p o Reletloe)

which yields

1 _ . plka + j + nl) fayu(ks + 5)

b ) 2 e e 4

r=1

> fa(g)u(k‘g + 7+ nﬁ)

and hence

ZZ af(ky+j+ sb) +P(k2 + 7) fayulke +j)i 1
s p(ky+ j +10) u(ks + ) — Pk +j+70)

15

For ko +j+rl <t < ky+j+rl+{, define

- fa(g)uU{?Q + 5+ 7“6)
>y ( .
r=1

pa(t) =lulks +j+1l) + [t — (ko + 7+ rﬁ)]fa(g)éu(kg +j+7l). (16)

209



International Journal of Research in Advent Technology, Vol.7, No.1, January 2019
E-ISSN: 2321-9637
Available online at www.ijrat.org

Then pl,(t) = fa@y=u(ks + j+rl) and po(t) > Cu(ks + j + (). Hence, we have

fawu(ke +j + 1) S ap,(t)
tulbs +j+70) = pall)

(17)

From and integrating from ko + 5+ 1l to ke +j +1rl+ {, we get

fa@yu(ky +j +1f)
u(ky + 7+ rl)

> aflnu(ky +j+r0+0) —Inu(ky+j+7r0)]  (18)

which yields

"~ fa@u(ks +j +10) : . .
> Inu(k (+0)—Inu(k 0)]. (1
;:1 kg 4 1+ 70 _azl[M( o+ j+rl+0) —Inu(ky+j+rl)]. (19)
. k — ko
Hence, for 0 < j </ and n = [ 7 }, we have

- fa(g)u(k‘g +7 4+ 7‘5) ] )
§ > — :
TS ET) > allnu(ky +j+nl+L0) —Inu(ks +j+ ). (20)

r=1

Since f(k) # 0 for infinitely many k, there exists 0 < j < ¢ and m > 1 such
that k3 > ko + j + ¢ and f(k3) # 0, which yields

Oéf > Oéf ]{?3

From our assumptions, , and , we get a contradiction

allnu(ky + j+nl) —Inu(ks + 7+ £)] < 00 as n — oo.

4. CONCLUSION

The theory incorporated in this paper related to Regular open closed and
open sets in the Real and Imaginary domain were expressed in the well defined
manner. We can extend the applications of these theoritical concepts into the

Circuit Analysis and Numberical Analysis.
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