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Abstract— This work proposes a mathematical model based 

on the inventory of non-instantaneous deteriorating items. 

Effects associated with the investment in preservation 

technology have been considered in the proposed model. The 

objective of the aforesaid model is to determine optimal 

profit concerning two decisions variables. They are the length 

of the inventory cycle and the amount of investment 

regarding preservation technology. A numerical example has 

been exhibited in the support of this model. Maximization of 

profit function has been ensured numerically as well as 

graphically. A possible future extension of this model has 

also been indicated. 

 

Keywords: Inventory, non-instantaneous deterioration, 

preservation technology, profit maximization. 

I. INTRODUCTION 

Deterioration is a common incident which associates with the 

inventories of different items. Volatile liquids, chemical 

products, agricultural products, food, and vegetables are the 

worst victim of deterioration. It should be noted that many of 

them do not deteriorate immediately with the commencement 

of the inventory cycle. In reality, deterioration starts after a 

time lag. As a consequence of deterioration, some amount of 

product is lost. Deterioration also hampers the quality of 

items. The strategy which reduces the intensity of the 

incident “deterioration” is always welcome in the business 

world. The corresponding strategy is usually named a 

preservation strategy. If some investment is made in the 

preservation strategy then it will incur some extra cost, but at 

the same time, the rate of deterioration may be reduced which 

is very fruitful for the market manager. Based on this 

conception, a mathematical model has been formulated. 

II. LITERATURE SURVEY 

Ghare and Schrader [1] were the pioneers to introduce 

incident deterioration in mathematical modeling. In that 

model, the inventory deteriorated at an exponential rate. 

Covert and Philip [2] considered the Weibull distribution for 

the time to deteriorate of inventory of items. Wee [3] 

formulated a model for perishable items with a 

price-sensitive demand pattern. Partial backlogging of 

shortages was also considered there. Extensive reviews on 

deteriorating items were conducted by Goyal and Giri [4].  

 

 

 

 
 

 

Ouyang et al. [5] developed an illustration that involves 

non-instantaneous deteriorating items under the trade-credit 

policy. They further developed another work [6] which 

includes shortage as well as variable back-ordering rates. A 

linear form of stock-dependent demand pattern was 

considered by Wu et.al [7].  They incorporated a 

price-sensitive demand pattern in another work [8]. An 

inventory model for non-instantaneous items under 

permissible delay in payment atmosphere was developed by 

Geetha and Uthayakumar [9]. A time-dependent 

deterioration rate was assumed by Dye and Heish [10]. Then 

Dye [11] improved that model by taking non-instantaneous 

deteriorating items. Pricing policy for seasonal deteriorating 

items with the investment in the preservation technology was 

incorporated in the model formulated by He and Huang [12]. 

Both stock and price-sensitive demand pattern was 

considered by Soni [13]. In that model, there was also the 

concept of delayed payment. Zhang [14] incorporated a 

dynamic pricing strategy for non-instantaneous deteriorating 

items along with an inventory level-dependent demand rate. 

Jaggi et al. [15] formulate an inventory model for 

non-instantaneous deteriorating items with two-storage 

facilities. Bardhan et al. [16] proposed a non-linear 

stock-dependent demand pattern for non-instantaneous 

deteriorating items. 

III. BASIC ASSUMPTIONS WITH NOTATIONS 

• A single item is considered  

• The time horizon is infinite  

• The rate of demand 𝐷 is constant 

• Deterioration starts after a period 𝑡𝑑  of 

commencement of the inventory cycle. The 

deterioration rate is constant 

• The length of the inventory cycle is 𝑇 . Two 

situations may arise according to as following 

conditions: 

𝑡𝑑 < 𝑇 𝑜𝑟 𝑡𝑑 ≥ 𝑇  

• 𝑡𝑑  is known from previous data 

• Purchase cost is 𝑐𝑝 per unit item 

• The selling price is 𝑠 per unit item 

• 𝑐ℎ  represents holding cost per unit item 

• The total deteriorated item is represented by 𝑄𝑑  

• Set up cost is 𝑘 for each setup arrangement 

• 𝜉  be the investment in preservation technology 

per unit time.  

• Deterioration is reduced by the proposition 𝑚(𝜉) 

as a result of using preservation technology. 

• Here 𝑚(𝜉) = 1 − 𝑒−𝑎 𝜉 where 𝑎 > 0. This form 

is the same as Bardhan et al. [16]. 
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• When 𝑡𝑑 < 𝑇, 𝐼1(𝑡) represent inventory level at 

time 𝑡 ∈ [0, 𝑡𝑑] and 𝐼2(𝑡) when 𝑡 ∈ [𝑡𝑑 , 𝑇] 

• When 𝑡𝑑 ≥ 𝑇, 𝐼3(𝑡) represents inventory level at 

time 𝑡 ∈ [0, 𝑇] 

• 𝜋1 𝑎𝑛𝑑 𝜋2  are profit functions associated with 

situations 𝑡𝑑 < 𝑇 𝑜𝑟 𝑡𝑑 ≥ 𝑇 respectively 

• 𝑚  and 𝑚(𝜉)  will be used intercept ably 

throughout the paper. 

IV. MODEL FORMULATION 

 

 
 

Figure 1: Time weighted inventory when 0 < td < T 

 

This figure represents the depletion of inventory level with 

the progression of time when 𝑡𝑑 < 𝑇. The event deterioration 

starts at the time 𝑡 = 𝑡𝑑. There is no deterioration in the time 

interval [0, 𝑡𝑑].  
 The differential equation which governs the inventory level 

for the time interval [0, 𝑡𝑑] is described in the following 

 manner 

 
𝑑𝐼1

𝑑𝑡
= −𝐷 with 𝐼1(0) = 𝑄                                                    (1) 

 The solution of the above differential equation is given by 

𝐼1(𝑡) = 𝑄 − 𝐷 𝑡                                                                   (2)   

 

Holding cost related to the interval [0, 𝑡𝑑] is expressed as  

𝑐ℎ  ∫ 𝐼1(𝑡) 𝑑𝑡
𝑡𝑑

0
  

= 𝑐ℎ  [𝑄 𝑡𝑑 −
𝐷

2
 𝑡𝑑

2]                                                            (3) 

 

 Now we will discuss the situation for the interval [𝑡𝑑 , 𝑇] 
 The corresponding equation handling the inventory level at 

any time 𝑡 ∈ [ 𝑡𝑑 , 𝑇] is described by 
𝑑𝐼2

𝑑𝑡
= −𝐷 −  (1 − 𝑚)𝜃 𝐼2       

Subject to 𝐼2(𝑇) = 0                                                        (4)    

 The solution of the aforesaid differential equation is 

𝐼2(𝑡) =
𝐷

(1−𝑚)𝜃
[𝑒(1−𝑚)𝜃(𝑇−𝑡) − 1]                                   (5) 

As 𝑄𝑑 represents items spoiled due to deterioration for the 

interval [𝑡𝑑 , 𝑇], we try to find expression for it. 

𝑄𝑑 = (1 − 𝑚)𝜃 ∫ 𝐼2(𝑡) 𝑑𝑡
𝑇

𝑡𝑑
  

=
𝐷

(1−𝑚)𝜃
[𝑒(1−𝑚)𝜃(𝑇−𝑡𝑑) − 1] −  𝐷(𝑇 − 𝑡𝑑)                   (6) 

 The total number of items are sold throughout the inventory 

cycle is 𝐷 𝑇 . So the relation between total item (𝑄) and 

deteriorated items (𝑄𝑑) is given by 

𝑄 − 𝑄𝑑 = 𝐷 𝑇                                                                 (7) 

 Holding cost for the interval [𝑡𝑑 , 𝑇]  

= 𝑐ℎ  ∫ 𝐼2(𝑡) 𝑑𝑡
𝑇

𝑡𝑑
  

=
𝐷

(1−𝑚)2(𝜃)2 [𝑒(1−𝑚)𝜃(𝑇−𝑡𝑑) − 1] −  
𝐷

(1−𝑚)𝜃
(𝑇 − 𝑡𝑑)      (8) 

Total Profit 

= [Sales revenue - ordering cost – holding cost - preservation 

investment-oriented cost - purchase cost] 

 𝜋1 = Average total profit = 
1

𝑇
 (𝑇𝑜𝑡𝑎𝑙 𝑃𝑟𝑜𝑓𝑖𝑡)   

𝜋1 =  
1

𝑇
 [

𝑠(𝑄 − 𝑄𝑑) −  𝑘 −  𝑐ℎ  ∫ 𝐼1(𝑡) 𝑑𝑡 
𝑡𝑑

0
−

𝑐ℎ  ∫ 𝐼2(𝑡) 𝑑𝑡 
𝑇

𝑡𝑑
–  𝑇 𝜉 − 𝑐𝑝  𝑄

]                                            

                                                                                          (9) 

 
Figure 2: Time-weighted inventory when td > T 

 

 This diagram reflects the inventory level when the cycle of 

inventory ends before the commencement of deterioration. In 

this situation, deterioration does not affect reducing the 

inventory level. 

The differential equation associated with the inventory level 

is written as 
𝑑𝐼3

𝑑𝑡
=  −𝐷  with 𝐼(𝑇) = 0                                                  (10)   

 This gives inventory level at any time 𝑡 ∈ [0, 𝑇]    
𝐼3(𝑡) = 𝐷(𝑇 − 𝑡)                                                               (11)  

Holding cost for the period [0, 𝑇]   is calculated as 

𝑐ℎ  ∫ 𝐼3(𝑡) 𝑑𝑡
𝑇

0
  

=
𝑐ℎ

2
 𝐷 𝑇2                                      [Using (11)]                                    

Now average total profit in this case, 

𝜋2 = 
1

𝑇
   [Sales revenue – set up cost – holding cost]       

𝜋2 =
1

𝑇
 [(𝑠 − 𝑐𝑝) 𝐷 𝑇 −  𝑘 −

𝑐ℎ

2
 𝐷 𝑇2]     

 The average total profit function for this model is defined as 

𝜋 = {
𝜋1 𝑓𝑜𝑟  𝑡𝑑 < 𝑇
𝜋2 𝑓𝑜𝑟 𝑡𝑑 ≥ 𝑇

  

𝜋 is a continuous function at time 𝑇 = 𝑡𝑑  
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V. SOLUTION PROCEDURE 

 

Two cases will be dealt with separately. 

 When 𝑡𝑑 < 𝑇  ,  we first find the necessary condition of 

maximization of a function. 
𝜕𝜋1

𝜕 𝑇
= 0,

𝜕𝜋1

𝜕𝜉
= 0 gives the length of the cycle and investment 

amount per cycle. 

The solutions obtained are optimal if the eigenvalues of the 

following Hessian matrix(𝐻) are negative. 

𝐻 = (

𝜕2𝜋1

𝜕𝑇2

𝜕2𝜋1

𝜕𝑇   𝜕𝜉

𝜕2𝜋1

𝜕𝑇   𝜕𝜉

𝜕2𝜋1

𝜕𝜉2

)  

In this case, the profit function is highly non-linear. The 

numerical solution is possible instead of analytical solutions. 

For obtaining a numerical solution, the help of the Software 

MATHEMATICA is taken. 

 When 𝑡𝑑 ≥ 𝑇 , profit function is in an easier form. So in this 

case we deal with analytical solutions. 

The necessary condition is 
𝑑 𝜋2

𝑑 𝑇 
= 0  

Now, 
𝑑 𝜋2

𝑑 𝑇 
=

𝑘

𝑇2 −  
𝑐ℎ 𝐷

2
  

 Using necessary conditions, the cycle length associated with 

inventory is obtained as 

𝑇 = √
2  𝑘

𝐷  𝑐ℎ
  

The sufficient condition gives, 
𝑑2𝜋2

𝑑𝑇2 = −2 
𝑘

𝑇3  

Since both 𝑘 𝑎𝑛𝑑 𝑇 are positive, we have 
𝑑2𝜋2

𝑑𝑇2 < 0 . This confirms that the profit function 𝜋2  is 

maximized. 

 

VI. NUMERICAL ILLUSTRATION 

            

To validate this model the following numerical example is 

considered. 

 

 Parameter Values 

Demand rate(𝐷) 5000 units 

Deterioration rate (𝜃) 0.3 

Selling price (𝑠) $ 35 per unit 

Purchase cost(𝑐𝑝) $ 20 per unit 

Set up cost (𝑘) $ 1200 per setup 

Holding cost (𝑐ℎ) $ 5 per unit 

The index associated with an 

investment in preservation 

technology(𝑎) 

0.01 

Deterioration starting 

moment (𝑡𝑑) 

0.0417 year 

 

 

Applying those values of the parameter in this model we get 

the optimal results 

Decision variables Optimal results 

Cycle length (𝑇∗) 0.304 year 

Investment in preservation $ 356.04 

technology per unit time (𝜉) 

Average total profit (𝜋1) $ 66796.90 

 

 

These results are optimal since the Eigenvalues of the 

Hessian matrix 

 

𝐻 = (

𝜕2𝜋1

𝜕𝑇2

𝜕2𝜋1

𝜕𝑇   𝜕𝜉

𝜕2𝜋1

𝜕𝑇   𝜕𝜉

𝜕2𝜋1

𝜕𝜉2

)  

are all negative and their values are given by   

−85117.3, −0.00978614. 

 

 
 

Figure 3: Three-dimensional representation of profit 

function with respect to decision variables when there is 

an investment in preservation technology 

 

 

 

 

 

If there is no investment in the preservation of 

technology(𝜉 = 0), we get the following result 

 

 

Decision variables Optimal results 

Cycle length (𝑇∗) 0.2075year 

Average total profit 
(𝜋2) 

$ 64553.70 

 

Clearly, profit is more when the investment in preservation 

technology is made. 

VII. CONCLUSION 

In this work, the effect of applying investment in preservation 

technology for non-instantaneous items has been examined. 

The optimal cycle length of the inventory and investment in 

the field of preservation technology has been obtained based 

on a profit maximization strategy. Results are shown for both 

of the situations associated with investment or 

non-investment regarding preservation strategy. As 

deterioration spoils goods very badly, this technique may be 
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an effective tool for the sellers of different kinds of perishable 

goods.  

 

VII. FUTURE DIRECTIONS OF RESEARCH 

In this work, we have assumed the deterioration 

commencement moment as a known thing. If this moment is 

not known, then an interesting extension can be made on 

basis of that fact. Shortages may be allowed and different 

types of backlogging can be done as an extension of this 

work. 
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